In this paper, we find the least value r and the greatest value p such that the double x, y; λ) ) holds for all x, y ≥ 1 (or 0 < x, y < 1) with 0 < λ < 1, where erf(x) = 2 √ π x 0 e -t 2 dt, and
Introduction
For x ∈ R, the error function erf(x) is defined as
It is well known that the error function erf(x) is odd, strictly increasing on (-∞, +∞) with lim x→+∞ erf(x) = , strictly concave and strictly log-concave on [, +∞). For the nth derivation we have the representation It also can be expressed in terms of incomplete gamma function and a confluent hypergeometric function:
Recently, the error function have been the subject of intensive research. In particular, many remarkable properties and inequalities for the error function can be found in the ©2014 Chu et al.;  licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons Attribution License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited. 
for all x, y ≥ , and proved that the inequality become equality if and only if x =  or y = .
In [, ] Alzer proved that
are the best possible constants such that the double inequality
holds for n ≥  and all real number x i ≥  (i = , , . . . , n), and the sharp double inequalities
hold for all positive real numbers x, y with x ≥ y. Let λ ∈ (, ), and A(x, y;
and
/r (r = ) and M  (x, y; λ) = x λ y -λ be, respectively, the weighted arithmetic, geometric, harmonic, and power means of two positive numbers x and y. Then it is well known that the inequalities
hold for all λ ∈ (, ) and x, y >  with x = y. It is natural to ask what are the least value r and the greatest value p such that the double inequality
holds for all x, y ≥  (or  < x, y < )? The main purpose of this article is to answer this question.
Lemmas
In order to prove our main results we need three lemmas, which we present in this section.
Lemma . Let r =  and J(x)
Then the following statements are true:
Proof Simple computation leads to 
Lemma . Let r
. Then the following statements are true:
Proof Differentiating u(x) leads to
We divide the proof into four cases. Case  r < -. Then from (.) and (.) together with (.) we clearly see that
and g  (x) is strictly decreasing on [, +∞). It follows from the monotonicity of g  (x) and (.) that g  (x) is strictly increasing on [, +∞).
The monotonicity of g  (x) and (.) imply that there exists x  ∈ (, +∞), such that g  (x) <  for x ∈ (, x  ) and g  (x) >  for x ∈ (x  , +∞). Therefore, g(x) is strictly decreasing on [, x  ] and strictly increasing on [x  , +∞).
From the piecewise monotonicity of g(x) and (.) we clearly see that there exists x  ∈ (, +∞), such that g(x) >  for x ∈ (, x  ) and g(x) <  for x ∈ (x  , +∞).
If r ≤ r  , then (.) leads to g() ≤ , this implies that g(x) <  for x ∈ (, +∞). Therefore, (.) leads to the conclusion that u(x) is strictly concave on [, +∞).
If r  ≤ r < -, then (.) leads to g() ≥ , this implies that g(x) >  for x ∈ (, ). Therefore, (.) leads to the conclusion that u(x) is strictly convex on (, ).
Case  - ≤ r < . Then we clearly see that the function ( + r)x -/r - is strictly increasing on (, +∞) with lim x→ + [( + r)x -/r -] = -, and
Therefore, Lemma .() and (.) imply that g  (x) <  for x ∈ (, +∞). This leads to the conclusion that g(x) is strictly decreasing on (, +∞). for - ≤ r < . It follows from the monotonicity of g(x) and (.) that g(x) >  for x ∈ (, +∞). Therefore, (.) leads to the conclusion that u(x) is strictly convex on (, +∞).
Case   < r < . Then we clearly see that the function ( + r)x -/r - is strictly decreasing on (, +∞) with lim x→+∞ [( + r)x -/r -] = -, and
It follows from Lemma .() and (.) that g  (x) >  for x ∈ (, +∞). This leads to g(x) being strictly increasing on (, +∞).
It follows from (.) that
for  < r < .
From the monotonicity of g(x) and (.) we know that g(x) >  for x ∈ (, +∞). Therefore, (.) leads to the conclusion that u(x) is strictly convex on (, +∞).
Case  r ≥ . Then from (.) we clearly see that g(x) >  for x ∈ (, +∞). Therefore, u(x) is strictly convex on (, +∞) follows easily from (.).
Lemma . The function h(x)
is strictly increasing on (, +∞).
Proof Simple computations lead to
We divide the proof into two cases.
Case  x ≥ . Then (.) leads to h  (x) > . Therefore, h (x) >  follows from (.) and (.).
Case   < x < . Then from (.) we clearly see that h  (x) > . Therefore, h (x) >  follows from (.) and (.) together with (.)-(.).
Main results
Theorem . Let λ ∈ (, ) and r  = - -
holds for all  < x, y <  if and only if μ ≤ r  and ν ≥ -.
Proof Firstly, we prove that (.) holds if μ ≤ r  and ν ≥ -.
, then Lemma .() leads to
for λ ∈ (, ) and s, t > . Let s = x μ , t = y μ , and  < x, y < . Then (.) leads to the first inequality in (.).
Since the function t → erf(M t (x, y; λ)) is strictly increasing on R if ν ≥ -, it is enough to prove the second inequality in (.) is true for - ≤ ν < .
Let - ≤ ν <  and
. Then Lemma .() leads to
for λ ∈ (, ) and s, t > . Therefore, the second inequality in (.) follows from s = x ν and t = y ν together with (.). Secondly, we prove that the second inequality in (.) implies ν ≥ -. Let  < x, y < . Then the second inequality in (.) leads to
Therefore, Finally, we prove that the first inequality in (.) implies μ ≤ r  . Let y → . Then the first inequality in (.) leads to
where
If μ > r  , then from (.) we know that there exists a small
The Proof Firstly, we prove that inequality (.) holds if p = -∞ and r ≥ r  . Since the first inequality in (.) is true if p = -∞, thus we only need to prove the second inequality in (.). It follows from the monotonicity of the function erf(M t (x, y; λ)) with respect to t that we only need to prove the second inequality in (.) holds for r  ≤ r < -.
Let r  ≤ r < - and u(z) =  erf(z /r )
. Then Lemma .() leads to
for λ ∈ (, ) and s, t ∈ (, ]. Therefore, the second inequality in (.) follows from s = x r and t = y r together with 
